Abstract. Let p be an odd prime and q = p m . Let l be an odd positive integer. Let p ≡ −1 (mod l) or p ≡ 1 (mod l) and l | m. By employing the integer sequence an = l−1 2 t=1 2 cos π(2t − 1) l n , which can be considered as a generalized Lucas sequence, we construct all the permutation binomials P (x) = x r + x u of the finite field Fq.
Introduction
For integer n ≥ 0 and odd positive integer l, let a n = One can show that {a n } ∞ n=0 is an integer sequence. For l = 5, a n = L n is the Lucas sequence. For l = 7, a n satisfies the recurrence relation a n = a n−1 + 2a n−2 − a n−3 with initial values a 0 = 3, a 1 = 1, a 2 = 5. This is the sequence A094648 in Sloane's Encyclopedia [8] . In this paper we investigate the relation of the sequence a n with permutation properties of a binomial over a finite field.
Let F q be a finite field of q = p m elements with characteristic p. A polynomial P (x) ∈ F q [x] is called a permutation polynomial of F q if P (x) induces a bijective map from F q to itself. Permutation polynomials for a finite prime field F p were first investigated by Hermite [4] . The first systematic study of permutation polynomials over a general finite field is due to Dickson [1] . One of the most useful characterizations of permutation polynomials is the following ( [5] , Theorem 7.4).
Hermite's Criterion P (x) is a permutation polynomial of F q if and only if (i) P (x) has exactly one root in F q .
(ii) For each integer t with 1 ≤ t ≤ q −2 and t ≡ 0 (mod p), the reduction of [P (x)] t mod (x q − x) has degree less than or equal to q − 2.
Using this criterion Dickson classified the permutation polynomials of degree ≤ 6 over a finite field F q , moreover he showed that for degree d = 4 or 6 there are no permutation polynomials over F q for large q = p m provided p = 2. In 1966 Carlitz conjectured that for a given even integer d there are no permutation polynomials of degree d over F q for sufficiently large q. Later Hayes [3] established this conjecture when p d. In 1993, Fried, Guralnick, and Saxl [2] proved that the Carlitz conjecture is true in general. Results of this type in the theory of permutation polynomials indicate that the search for permutation polynomials is an interesting and challenging problem.
In this paper we consider the binomial P (x) = x r + x u with r < u. Let l = q−1 (u−r, q−1) and s = q−1 l . Then we can rewrite P (x) as P (x) = x r (1 + x es ) where (e, l) = 1. One can show that if P (x) = x r (1 + x es ) is a permutation polynomial, then (r, s) = 1, and l is odd (These are consequences of Theorem 1.2 of [9] ). From now on, we assume that l, r, e and s satisfy the following conditions: (r, s) = 1, (e, l) = 1, and l is odd.
( * )
The sequence {a n } is called s-periodic over F p if a n ≡ a n+ks (mod p) for integers k and n. We first prove the following. Theorem 1.1. Under the conditions ( * ) on l, r, e and s, the binomial P (x) = x r (1 + x es ) is a permutation binomial of F q if (2r + es, l) = 1, 2 s ≡ 1 (mod p) and {a n } is s-periodic over F p .
The connection between the s-periodicity of the sequence {a n } and the permutation binomial P (x) arises from the fact that if P (x) is a permutation binomial then by Hermite's criterion certain lacunary sums of binomial coefficients will be zero. These Lacunary sums have expressions in terms of the sequence a n (see Lemma 2.2 and Corollary 2.3).
As an application of Theorem 1.1, in our next theorem we characterize permutation binomials P (x) = x r + x u over certain finite fields. More precisely, we prove the following. 
Here, φ is the Euler totient function.
The structure of the paper is as follows. We start, in Section 2, by finding an explicit expression for lacunary sums of binomial coefficients. The proofs of Theorems 1.1 and 1.2 are given in Sections 3 and 5 respectively. Section 4 describes a lemma needed in the proof of Theorem 1.2. Finally at the end of the paper, as an application of our theorems, we provide several examples of permutation binomials
Note. Note that there is no permutation binomial P (x) = x r + x u of a finite field of characteristic 2. This is true since in this case P (0) = P (1) = 0.
Lacunary Sums of Binomial Coefficients
In this section we evaluate the sum of binomial coefficients 2n k as k varies on an arithmetic progression with a common ratio l.
l . Then we have
Now let
Then {c k } is the sequence of the binomial coefficients with f (z) = (1 + z) n .
Lemma 2.2. Let l be an odd positive integer. We have
Proof. From (1) we have
Next we find another expression for S(2n, l, a). To do this, we need to review some basic facts regarding Chebyshev polynomials (see [7] for details).
We recall that the n-th order Chebyshev polynomial of the first kind is defined by
where n is a non-negative integer, x = cos θ, and 0 ≤ θ ≤ π. We have
n−i . Similarly, the n-th order Chebyshev polynomial of the second kind is defined by U n (x) = sin (n + 1)θ sin θ where n is a non-negative integer, x = cos θ, and 0 ≤ θ ≤ π. One can show that U n (x) has exactly n zeros and the k-th zero is z k = cos πk n + 1 . Now let l be an odd integer. Let
We define U even l−1 (x) respectively. We can show that U odd l−1 (x) and U even l−1 (x) both have integer coefficients ([6] , Theorem 2). So we have the following factorization over Z
Recall that for integer n ≥ 0
From the above discussion it is clear that {a n } ∞ n=1 is a recursive integer sequence and the monic polynomial
is the characteristic polynomial of the recursion. By employing the sequence {a n } and the coefficients t (n) i of the n-th order Chebyshev polynomial of the first kind in Lemma 2.2, we have the following explicit representation for S(2n, l, a).
This explicit expression for S(2n, l, a) plays a fundamental role in the proof of our first theorem.
Proof of Theorem 1.1
Proof. Since l and p are odd, P (x) has only one root in F q . So by Hermite's criterion, it suffices to show that for each integer t with 0 < t < q − 1 and t ≡ 0 (mod p) the reduction of [P (x)] t (mod x q − x) has degree less than q − 1. We have
Note that since (r, s) = 1, then rt + ies can be a multiple of q − 1 only if s | t. Let t = cs for some c (1 ≤ c ≤ l − 1). Since (e, l) = 1, we have e φ(l) ≡ 1 (mod l) and hence we have (2) [
for c = 1, · · · , l − 1. Therefore we need to show that S(cs, l, −cre φ(l)−1 ) ≡ 0 (mod p) for all c = 1, · · · , l − 1. First we note that (2r + es, l) = 1 implies cs + 2cre
2 . For these cases by applying 2 s ≡ 1 (mod p), s-periodicity of {a n }, Corollary 2.3, and the definition of the sequence a n , we get l S(cs, l, −cre φ(l)−1 ) = 2 cs + (−1)
, we have (p, l) = 1 and thus S(cs, l, −cre φ(l)−1 ) ≡ 0 (mod p). This shows that [P (x)] cs (mod x q − x) has degree less than q − 1. The proof is complete.
Lemma
We need the following lemma in the proof of Theorem 1.2. Lemma 4.1. Let l be odd. Let p be an odd prime, q = p m , s = q−1 l and α be any nonzero element of F p . Then
(ii) If α is an l-th power in F p then α p−1 l = 1 in F p and therefore α s = 1 in F p . If α is not an l-th power in F p , then the equation x l = α has no solution in F p . Since l | m, this equation has a solution in F q ( [5] , Exercise 2.16). So there is a β ∈ F q such that α = β l . We have
We are now ready to prove the main result of this paper.
Proof of Theorem 1.2
First of all we show that if P (x) = x r (1 + x es ) is a permutation binomial, then (2r + es, l) = 1. Suppose that (2r + es, l) = d with d > 1. Let k = l d . Then k < l and 2kr + eks ≡ 0 (mod l). So by Lemma 2.2, we have
, the characteristic polynomial of a n . Under given conditions for p, by Theorem 7 of [6] we know that
2 ) be roots of U On the other hand, since P (x) is a permutation binomial S(ks, l, −e φ(l)−1 kr) = 2 ks +2a ks l = 0 in F p , which implies that a ks = − 1 2 . This together with (3) yield l = 0 in F p . This is a contradiction since l | p m − 1. So (2r + es, l) = 1. Conversely, we assume that (2r +es, l) = 1. By Lemma 4.1, we have 2 s ≡ 1 (mod p). Let γ j 's be as above. Since γ j 's are in F p , by Lemma 4.1, we have γ
2 . This together with Theorem 8.13 of [5] follow that {a n } is s-periodic. Now Theorem 1.1 imply that the given condition is also sufficient.
Proof of Corollary 1.3. For fixed e with 0 < e ≤ l − 1 and (e, l) = 1, we count the number of r's between 0 and q − 1 such that (r, s) = 1 and (2r + es, l) = 1. This number is equal to the number of odd r's between 0 and q − 1 such that (r + e 2 ) = 1, we denote this number by N (e). We claim that N (e) = φ(q − 1). To prove this assertion we consider two cases:
Case 1:
2 is odd. In this case {r + e 2 ) = 1. Now since 0 < e ≤ l − 1 and (e, l) = 1, the total number of such permutation polynomials is φ(l)φ(q − 1). However the permutation polynomial corresponding to e = e 1 and r = r 1 is the same as the permutation polynomial corresponding to e = l − e 1 and r = r 1 + e 1 s. So the total number of such permutation polynomials is φ(l)φ(q−1) 2 .
Examples
In the following tables, as an application of Theorem 1.2, we give some examples of permutation binomials of F q . Here N is the corresponding number of permutation binomials of F q . 
